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Problem 1 
 

An undeformable rod with a length of 3𝐿, whose weight and thickness can be 

ignored, has a point mass A of mass 2𝑚 fixed at one end and a point mass B of mass 

𝑚 fixed at the other end. Here, set a Cartesian coordinate system with the 𝑦 direction 

pointing vertically upward and the 𝑧 direction pointing out of the paper towards the 

front, as shown in Figure. While keeping the point mass A in contact with a horizontal 

floor, the rod is tilted from vertical by an angle 𝜃଴ ሺ0 ൏ 𝜃଴ ൏ 𝜋/2ሻ towards the 𝑥 

direction, as shown in Figure, and is gently released at time 𝑡 ൌ 0. Answer the 

following questions about the subsequent motion of the rod. Here, let 𝑔  be the 

gravitational acceleration, and assume that air resistance and friction between the floor 

and the rod or the point masses are negligible. 

 

(1) Find the distance from the point mass A to the center of gravity Q of the rod 

including the point masses A and B. 

(2) Find the moment of inertia 𝐼 around an axis in the 𝑧 direction passing through the 

center of gravity Q of the rod including the point masses A and B. 

 

First, consider the motion of the point mass B until it first collides with the floor. At 

a certain time 𝑡, 𝜃 is the angle of the rod from the vertical, 𝑁 is the normal force 

from the floor acting on the mass point A, and ሺ𝑥,𝑦, 𝑧ሻ represents the coordinates of 

the center of gravity Q, respectively. 

 

(3) Show the equations of motion for the center of gravity Q in the 𝑥,𝑦, and 𝑧 

directions.  

(4) Show the equation of motion describing the rotational motion around an axis in the 

z direction passing through the center of gravity Q.  

(5) Describe the characteristics of the trajectory of the center of gravity Q before the 

point mass B collides with the floor. 

(6) Write the equation for energy conservation in this process. 
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(7) Find the angular velocity 𝜃ሶ  of the rotational motion at time 𝑡. 

(8) Find the normal force 𝑁 at time 𝑡. 

 

Next, consider the motion of the rod just before the point mass B first collides with 

the floor and thereafter. Here, let 𝑒 be the coefficient of restitution between the point 

masses and the floor. 

 

(9) Find the velocity of the point mass B just before it first collides with the floor. 

(10)  Explain qualitatively the motion of the rod after the point mass B first collides 

with the floor, for the cases of (a) 𝑒 ൌ 0 and (b) 𝑒 ൌ 1. 

(11)  For 0 ൏ 𝑒 ൏ 1, find the maximum height of the point mass B from the floor after 

it first collides with the floor. 
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Problem 2 

 

An electrical current 𝐼 flows in an infinitely long straight conducting wire passing 

through the origin O in vacuum as shown in Fig. 1. Hereafter, 𝐼 is referred to as the 

straight current. An 𝑁-turn coil is uniformly wound in the shape of a torus that is 

located at a distance 𝑑 from the origin. Terminals 1 and 2 of the torus coil are 

connected to a resistor. Figure 2 shows the positional relationship between a cross 

section of the torus (a circle of radius 𝑟) and the straight current. Here, consider the 

case 𝑟 ≪ 𝑑 where the magnetic field strength is uniform within the cross section of the 

torus coil. The permeability of vacuum is 𝜇଴. 

(1) Find the magnitude of the magnetic flux density, generated by the straight current 𝐼, 

at a distance 𝑑 from the conducting wire. 

(2) Find the magnetic flux penetrating the cross-sectional area of a single turn of the 

torus coil (a circle of radius 𝑟). 

(3) Answer in which direction, A or B, the induced current flows at terminal 1 in Fig. 1, 

when the straight current 𝐼 increases with time.  

(4) Find the voltage 𝑉ሺ𝑡ሻ induced in the torus coil when the straight current varies 

with time 𝑡 as 𝐼ሺ𝑡ሻ ൌ 𝐼଴ sin𝜔𝑡. Here, 𝐼଴  is a positive constant and 𝜔 is the 

angular frequency.  

Consider an electronic circuit where the same torus coil is connected in series with a 

capacitor with capacitance 𝐶 and a resistor with resistance 𝑅, as shown in Fig. 3. Here, 

the resistance and the self inductance of the torus coil are neglected. The influence of 

magnetic fields generated by the straight current on anything other than the torus coil is 

neglected. In Fig. 3, the voltage at terminal 2 is set as the reference (𝑉 ൌ 0). The voltage 

at terminal 1, the voltage at the terminal 3, and the current in the circuit are denoted by 

𝑉inሺ𝑡ሻ, 𝑉outሺ𝑡ሻ, and 𝑖ሺ𝑡ሻ, respectively. Note that the positive sign of the current 𝑖ሺ𝑡ሻ is 

defined by the direction of the arrow shown in Fig. 3.    

(5) Express the equation showing the relation between 𝑖ሺ𝑡ሻ and 𝑉outሺ𝑡ሻ. 

(6) Express the differential equation showing the relation between 𝑉inሺ𝑡ሻ and 𝑉outሺ𝑡ሻ. 
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In the following, consider the case where the straight current in Fig. 3 varies as 

𝐼ሺ𝑡ሻ ൌ 𝐼଴ sin𝜔𝑡. 

(7) Find the steady-state solution for the voltage 𝑉outሺ𝑡ሻ. 

(8) Find 𝑉outሺ𝑡ሻ in the high-frequency limit (𝜔𝑅𝐶 ≫ 1). 

(9) Draw the amplitude of 𝑉outሺ𝑡ሻ and the phase difference of 𝑉outሺ𝑡ሻ from 𝑉inሺ𝑡ሻ as 

a function of the angular frequency 𝜔 . Highlight the characteristics of the 

high-frequency limit and the low-frequency limit.  
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Problem 3 

 

Consider a quantum two-level system whose Hamiltonian is given by ℋ ൌ

ቀ𝜀 𝛿
𝛿 െ𝜀

ቁ. Here, 𝜀 is real valued and 𝛿 is positive. Its basis states are set by quantum 

states |A⟩ ൌ ቀ1
0
ቁ and |B⟩ ൌ ቀ0

1
ቁ. 

 

(1) Express the two eigenenergy values 𝜆଴ and 𝜆ଵ (with 𝜆଴ ൏ 𝜆ଵ) using 𝜀 and 𝛿. 

(2) The energy eigenstate |𝜓ଵ⟩  corresponding to the eigenenergy 𝜆ଵ  is expressed 

using real-valued parameters 𝜃 and 𝜙 as 

|𝜓ଵ⟩ ൌ cos
𝜃
2

|A⟩ ൅ e୧థ sin
𝜃
2

|B⟩, ሺ1ሻ 

where 𝜃 and 𝜙 satisfy 0 ൑ 𝜃 ൑ 𝜋 and െ𝜋 ൏ 𝜙 ൑ 𝜋, respectively, and i is the 

imaginary unit. Show that a state |𝜓଴⟩ ൌ sin ఏ

ଶ
|A⟩ െ e୧థ cos ఏ

ଶ
|B⟩ is the energy 

eigenstate corresponding to the eigenenergy 𝜆଴. 

(3) For 𝜃 and 𝜙 used in Equation ሺ1ሻ, show that 𝜙 ൌ 0 is satisfied and express 

tan𝜃 using 𝜀 and 𝛿. If necessary, use tan𝜃 ൌ ଶ୲ୟ୬ሺఏ/ଶሻ

ଵି୲ୟ୬మሺఏ/ଶሻ
. 

 

Hereafter, assume that at time 𝑡 ൌ 0 the system's quantum state |𝜓ሺ𝑡 ൌ 0ሻ⟩ is |A⟩ 

and consider the time evolution of the system's quantum state |𝜓ሺ𝑡ሻ⟩ following the 

Schrödinger equation iℏ ୢ
ୢ௧

|𝜓ሺ𝑡ሻ⟩ ൌ ℋሺ𝑡ሻ|𝜓ሺ𝑡ሻ⟩ . Here, ℏ  is the Planck constant 

divided by 2𝜋. 𝑝୆ሺ𝑡ሻ denotes the probability of finding the system's quantum state 

|𝜓ሺ𝑡ሻ⟩ in the quantum state |B⟩ when performing the projective measurement onto the 

basis states |A⟩ and |B⟩. 
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(4) Find 𝑝୆ሺ𝑡ሻ when 𝜀 and 𝛿 are time-independent and 𝜀 is sufficiently larger than 

𝛿. 

(5) Find 𝑝୆ሺ𝑡ሻ when 𝜀 and 𝛿 are time-independent and 𝜀 ൌ 𝛿. Here, the exponential 

of a square matrix 𝑀 is defined by eெ ൌ ෍
𝑀௡

𝑛!

ஶ

௡ୀ଴

. 

(6) Consider a case where 𝛿 is time-independent but 𝜀 depends on time with its value 

𝜀ሺ𝑡ሻ  changing sufficiently slowly from െ𝐸  to 𝐸  over time 𝑡 ൌ 0  to 𝑡 ൌ 𝑇. 

Express 𝑝୆ሺ𝑡ሻ  for 0 ൑ 𝑡 ൑ 𝑇  using 𝜀ሺ𝑡ሻ  and 𝛿 , when 𝐸  is positive and 

sufficiently larger than 𝛿. 
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Problem 4 

 

Consider an n-type semiconductor containing 𝑁ୈ ሺ≫ 1ሻ 

impurity atoms (donors). In a thermal equilibrium state at an 

absolute temperature 𝑇 ሺ൐ 0ሻ , electrons from the donor 

level are excited to the conduction band. As shown in Fig. 1, 

the bottom of the conduction band is set as the reference for 

energy 𝜀. The donor level is located at an energy െ𝐸ୈ. 

Assume a single, free-electron-like conduction band and 

consider a temperature range where electron excitations from the valence band can be 

ignored. Let 𝜇  and 𝑘  be the chemical potential of the electron system and the 

Boltzmann constant, respectively. Answer the following questions. 

 

(1) Find the internal energy of 𝑛ୈ ሺ൏ 𝑁ୈሻ electrons that occupy the donor level. 

(2) Considering the number of configurations where 𝑛ୈ electrons occupy the donor 

level, find the entropy of the electrons. Here, assume that each donor site can be 

occupied by at most one electron, either with an up-spin or a down-spin. 

(3) Find the Helmholtz free energy of the electrons that occupy the donor level. 

(4) Express 𝑛ୈ using 𝜇. If necessary, use Stirling's formula, ln𝑁! ≅ 𝑁ln𝑁 െ𝑁, for a 

large integer 𝑁. 

(5) Express the number of electrons excited to the conduction band using 𝜇. 

 

We aim to obtain 𝜇 as a function of 𝑇, and then obtain the number of electrons 

excited to the conduction band as a function of 𝑇. Hereafter, consider a sufficiently 

low-temperature condition where 𝑘𝑇 ≪ 𝜀 െ 𝜇  holds for electrons excited to the 

conduction band. 

 

 

Figure 1 
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(6) Find the approximate expression valid for sufficiently low temperatures for the 

number of electrons excited to the conduction band obtained in (5) using 𝜇. 

(7) The Fermi distribution function for electrons is 𝑓ሺ𝜀ሻ ൌ ଵ

ୣ୶୮ቀഄషഋ
ೖ೅

ቁାଵ
. Find the 

approximate expression for the Fermi distribution function for electrons excited to 

the conduction band at sufficiently low temperatures. 

(8) The density of states 𝐷ሺ𝜀ሻ in the conduction band, in which the spin degree of 

freedom is considered, is given by 𝐷ሺ𝜀ሻ ൌ ଶ

√గ
𝐷଴√𝜀 , where 𝐷଴  is a positive 

constant. Express the number of electrons excited to the conduction band using 𝜇. 

If necessary, use the formula ׬ √𝑥expሺെ𝑥ሻd𝑥
ஶ
଴ ൌ √గ

ଶ
. 

(9) Using the results of (6) and (8), express 𝜇 as a function of 𝑇. 

(10) Express the number of electrons excited to the conduction band as a function of 𝑇. 
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Problem 5 

Answer the following questions. For numerical answers, use three significant digits. 

Absolute zero temperature is −273 ℃. 

(1) The equation of state for an ideal gas is given by: 

𝑃𝑉 ൌ 𝑛𝑅𝑇, (1) 

where P, V, n, and T are the pressure, volume, number of moles, and temperature of 

the gas, respectively. R is the ideal gas constant, 8.31 J K−1 mol−1. On the other hand, 

the equation of state for a real gas is given by the van der Waals equation: 

ቆ𝑃 ൅
𝑎𝑛ଶ

𝑉ଶ
ቇ ሺ𝑉 െ 𝑛𝑏ሻ ൌ 𝑛𝑅𝑇. (2) 

Here, a and b are the van der Waals constants. The constants for N2 and CO2 are 

shown in the table below: 

 a （Pa m6 mol−2） b （m3 mol−1） 

N2 1.37 × 10−1 3.86 × 10−5 

CO2 3.66 × 10−1 4.28 × 10−5 

Answer questions (a)–(e). 

(a) Explain the physical meaning of the van der Waals constants, a and b, based on 

Equation (2). 

(b) 1.00 mol of a gas is enclosed in a container at 300 K. The volume of the 

container is 3.00 × 10−2 m3. Calculate the pressures in the cases where the gases 

are N2 and CO2 using Equation (2). By comparing the pressures of N2 and CO2 

with that of an ideal gas, answer which is closer to an ideal gas, N2 or CO2. Also, 

explain the reason considering their molecular structures. 
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(c) 1.00 mol of a gas is enclosed in a cylinder. The gas follows Equation (2). 

Consider that the volume of the gas is changed from V1 to V2 in a quasi-static 

process at a constant temperature T. Calculate the work w done on the gas in the 

process. If necessary, use T, V1, V2, R, a, and b. 

(d) Prove the following equation: 

൬
𝜕𝑈
𝜕𝑉
൰
்
ൌ 𝑇 ൬

𝜕𝑃
𝜕𝑇
൰
௏
െ 𝑃. (3) 

 

Here, 𝑈 is the internal energy. If necessary, use Maxwell relations. 

(e) 1.00 mol of a gas is enclosed in a cylinder. The gas follows Equation (2). 

Consider that the volume of the gas is changed from V1 to V2 in a quasi-static 

process at a constant temperature T. Calculate the internal energy change Δ𝑈 of 

the gas in the process. If necessary, use T, V1, V2, R, a, and b. 

(2) Answer questions (a) and (b).  

(a) The molar heat capacity at a constant pressure 𝐶௉ for a substance at 1.00 atm is 

given by the following equation as a function of temperature T: 

𝐶௉ ൌ 𝑐 ൅ 𝑑𝑇 ൅
𝑓
𝑇ଶ

 , (4) 

 

where c, d, and f are constants. Consider that the temperature of the substance is 

changed from T1 to T2 at 1.00 atm. Calculate the enthalpy change ΔH and 

entropy change ΔS of 1.00 mol of the substance in the process. 

(b) 1.00 mol of CO2 is sublimated from a solid to a gas phase at a constant pressure 

1.00 atm at −78.5 ℃, and then the temperature of the gas is increased from 

−78.5 ℃ to 20.0 ℃. Calculate the entropy change ΔS in this process. The molar 

heat of sublimation for CO2 is 25.2 kJ mol−1. 𝐶௉  of CO2 gas is given by 

Equation (4) with c = 4.42 × 101 J K−1 mol−1, d = 8.79 × 10−3 J K−2 mol−1, and            

f = 8.62 × 105 J K mol−1.  
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Problem 6 

 
Answer the following questions. 

 
(1) Write the structural formulae of the main products of the following reactions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(2) Answer the questions about the following cyclization reaction. 

 

(a) Describe the possible side reactions of this cyclization reaction. 

(b) The presence of sodium ions (Na+) improves the yield of this reaction. Explain 

the reason in terms of atomic interaction. 

(c) What are such cyclic compounds generally called? Also, answer their 

characteristic functions. 
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(3) The representative basic amino acid residues in a protein are lysine and arginine, as 

shown below. Answer which is more basic, the lysine side chain or the arginine side 

chain. Explain the reason using the structural formulae. 

 

 Lysine Arginine 

 

(4) Answer the following questions for representative polymers nylon 6 and nylon 6,6.  

(a) Write the structural formulae of nylon 6 and nylon 6,6. 

(b) Write the structural formulae of the monomers in the polymerization reactions to 

produce nylon 6 and nylon 6,6. 

(c) Explain how the polymerization reactions to produce nylon 6 and nylon 6,6 can 

be effectively carried out, taking into account the properties of each monomer. 
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Problem 7 

 

Choose and answer three questions from the following eight questions (1)–(8). 

Indicate the selected question numbers at the top. 

 

(1) Answer the following questions concerning transition metal carbonyl complexes. 

(a) In general, the C–O bond length of a CO ligand coordinating to a transition metal 

ion is longer than that in a non-coordinating CO molecule. Explain the reason. 

(b) Determine the formal oxidation states and the numbers of d electrons of Fe in 

[Fe(CO)5] and [FeBr2(CO)4]. Draw the geometry of all possible isomers, 

considering all their structures. 

(c) When comparing the infrared absorption spectra of [Fe(CO)5] and [FeBr2(CO)4], 

the stretching vibration peaks of the carbonyl ligands are observed at lower 

wavenumbers for [Fe(CO)5]. Explain the reason.  

 

(2) Surfactant and lipid molecules self-assemble in water to form micelles or lipid 

bilayer structures. 

 

(a) Explain the difference between micelles and lipid bilayer structures using 

schematic diagrams. 

 

(b) Whether micelles or lipid bilayer structures are formed depends on the 

characteristics of the molecular structure of the surfactant and lipid molecules 

(structures of hydrophilic and hydrophobic parts). Explain this principle using 

schematic diagrams. 

 

(3) Figure 1 illustrates an n-type field-effect transistor. Here, the channel width and 

length of the semiconductor layer are denoted by W and L, respectively. The 

threshold voltage is Vth and the capacitance per unit area of the gate insulating layer 

is C. Assume that the carrier mobility μ is constant and the gate voltage VG is larger 

than Vth. Answer the following questions. 
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Figure 1 

 

(a) Derive an expression for the drain current ID when the drain voltage VD is 

sufficiently smaller than VG − Vth, and show that it follows Ohm’s law. 

(b) Derive an expression for the drain current ID when the drain voltage VD is 

sufficiently larger than VG − Vth, and describe how ID depends on VD in this 

region. 

 

(4) Greenhouse gases are gases that absorb infrared radiation emitted from the Earth’s 

surface and trap heat in the atmosphere. The vibration of polyatomic molecules, 

which constitute these gases, can be regarded as a set of independent harmonic 

oscillators. In this model, the vibrational energy of a molecule is expressed as the 

sum of the energies of the harmonic oscillators. Answer the following questions. 

(a) Carbon dioxide (CO2) is one of the major greenhouse gases. Referring to the 

example of a vibrational mode of an ethylene molecule (C2H4) shown in Fig. 2, 

illustrate one vibrational mode of CO2 that is active in infrared absorption and one 

vibrational mode that is active in Raman scattering. Arrows in Fig. 2 indicate the 

direction of displacement of each atom. 

 

 

 

 

Figure 2  
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(b) Nitrogen and oxygen, which make up the majority of the atmosphere, do not 

exhibit a greenhouse effect. Explain the reason. 

 

(c) Provide one example of a molecular vibrational mode that is active in both 

infrared absorption and Raman scattering. 

 

(5) Answer the following questions on the crystal structure of calcium fluoride shown in 

Fig. 3.  

 

(a) Explain the characteristics of the crystal structure of calcium fluoride in detail.  

 

(b) Draw Fig. 3(ii) to your answer sheet and illustrate the primitive unit cell of Fig. 

3(i) in the drawn figure. Point A should be one of the vertices of the primitive unit 

cell. Indicate the fluorine and calcium atoms included in the primitive unit cell in 

the same manner as in Fig. 3(i). Indicate not only the atoms inside the primitive 

unit cell, but also the atoms at the vertices, edges, and surfaces of the primitive 

unit cell. 

 

 

 

 

 

 

 

                        Figure 3 

 

(6) In the X-ray diffraction of crystals with a body-centered lattice, diffraction lines with 

combinations of indices ℎ,𝑘, 𝑙 such that ℎ ൅ 𝑘 ൅ 𝑙 is odd are not observed. This is 

called the extinction rule. Explain the origin of this rule. Moreover, in the case of 

crystals with a face-centered lattice, derive the combinations of indices ℎ,𝑘, 𝑙 for 

which no diffraction lines are observed. If necessary, use the following structural 

factor 𝐹 formula. 
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𝐹ሺℎ𝑘𝑙ሻ ൌ෍𝑓௝exp ቀ2𝜋𝑖൫ℎ𝑥௝ ൅ 𝑘𝑦௝ ൅ 𝑙𝑧௝൯ቁ
௝

 

In the above equation, 𝑗 , 𝑓௝ , and ൫𝑥௝ ,𝑦௝ , 𝑧௝൯  represent each atom, the atomic 

structure factor, and the coordinates of each atom, respectively. The sum is taken 

over all atoms in the unit cell. 

 

(7) Answer the following questions. Note that ln 2 = 0.639. 

 

(a) A dye A has a molar absorption coefficient of 7.5 × 104 dm3 mol–1 cm–1 at a 

wavelength of 500 nm. When the absorbance of a solution of this dye was 

measured at 500 nm using a 2.5 mm pathlength cuvette, the absorbance was 

determined to be 0.3. What is the concentration of A in the solution? 

 

(b) When the sample in (a) was heated to 100 °C, the dye A underwent a 

decomposition reaction. The initial rate of this decomposition was           

5.0 × 10−7 mol dm–3 s–1. What is the rate constant for the decomposition reaction 

of A at 100 °C, assuming that the reaction follows the first-order kinetics? 

 

(c) Find the half-life value at 100 °C for the decomposition reaction in (b) using two 

significant digits. 

 

(8) Explain carrier transport in an assembly of neutral molecules with  electrons using 

an energy diagram. Describe details about factors that determine the carrier 

conductivity using the words of “transfer integral”, “coherence” and “molecular 

vibration”. 
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Problem 8 

 
Answer the following questions. Show the processes of derivation and calculation. 

The gas constant is 𝑅 ൌ 8.31 J Kିଵmolିଵ . The standard pressure is               
𝑃଴ ൌ 1.013 ൈ 10ହ Pa. Through the following reaction (1), substance XY is formed 
from substances X and Y with heat generation in a gas phase. The notation ሺgሻ in 
reaction (1) represents the gas phase. Gases are assumed to be ideal gases. 𝑇୥ is an 
absolute temperature of the gasses. The partial pressures and densities of the substances 
X , Y , and XY  are 𝑃ଡ଼ , 𝑃ଢ଼ , and 𝑃ଡ଼ଢ଼ ሾPaሿ , and 𝑛ଡ଼ , 𝑛ଢ଼ , and 𝑛ଡ଼ଢ଼ ሾmol mିଷሿ , 
respectively. 

 
Xሺgሻ ൅ Yሺgሻ ⇌ XYሺgሻ (1) 

 
(1) Assume the situation that reaction (1) has reached the equilibrium state. 

(a) Consider the case that the standard Gibbs energy change Δ𝐺ଵ
୭ ሾJ molିଵሿ of the 

forward reaction (reaction to the right) of reaction (1) can be approximated as 
Δ𝐺ଵ

୭ ൌ 𝐴 െ 𝐵𝑇୥  using constants 𝐴  and 𝐵 . Answer the signs of 𝐴  and B 
(positive or negative) and explain the reasons. 

(b) Express Δ𝐺ଵ
୭ using 𝑃ଡ଼, 𝑃ଢ଼, 𝑃ଡ଼ଢ଼, and 𝑃଴. 

(c) Assume that the forward reaction rate of reaction (1) at temperature 𝑇୥ can be 
expressed as 𝑘୤𝑛ଡ଼𝑛ଢ଼  using the reaction rate constant 𝑘୤ ሾmolିଵmଷsିଵሿ . 
Assume also that the backward reaction (reaction to the left) rate can be 
expressed as 𝑘ୠ𝑛ଡ଼ଢ଼ using the reaction rate constant 𝑘ୠ ሾsିଵሿ. Express 𝑘୤/𝑘ୠ 
using Δ𝐺ଵ

୭. 
 

In the following, assume that 𝑛ଡ଼ଢ଼ is much smaller than the density that gives the 

equilibrium state, and consider the case 𝑘୤𝑛ଡ଼𝑛ଢ଼ ≫ 𝑘ୠ𝑛ଡ଼ଢ଼ using 𝑘୤ and 𝑘ୠ defined in 

(1)-(c). 𝑘୤ is proportional to exp ൬െ
ா

ோ ౝ்
൰, where 𝐸 ሾJ molିଵሿ is the activation energy. 

 
(2) Consider the case where the temperature 𝑇୥ is constant and the densities 𝑛ଡ଼, 𝑛ଢ଼, 

and 𝑛ଡ଼ଢ଼ change with the reaction time 𝑡. When 𝑡 ൌ 0 s, 𝑛ଡ଼ଢ଼ ൌ 0 mol mିଷ and             
𝑛ଡ଼ ൌ 𝑛ଢ଼ ൌ 𝑛଴. 

 (a)  Express 𝑛ଡ଼ଢ଼ at the reaction time 𝑡 using 𝑘୤, 𝑛଴, and 𝑡. 

(b)  When 𝑇୥ ൌ 330 K and 𝑛଴ ൌ 3.7 ൈ 10ିଵ mol mିଷ, 𝑛ଡ଼ଢ଼ is                        
7.4 ൈ 10ିଶ mol mିଷ at 𝑡 ൌ 10 s. Calculate 𝑘୤ ሾmolିଵmଷsିଵሿ at 330 K 
using two significant digits. 

(c)  When 𝑇୥ ൌ 440 K, 𝑘୤ is 2.7 ൈ 10ିଵ molିଵmଷsିଵ. Calculate 𝐸 using two 
significant digits. 
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(3) A gas flows in a straight tube with an outer diameter of 2𝑟଴ and an inner diameter 
of 2𝑟୥, as shown in Fig. 1, where the exothermic forward reaction of reaction (1) 
proceeds. The direction of the 𝑟-axis is the radial direction of the straight tube and 
the central axis is at 𝑟 ൌ 0 . The outer wall is in contact with a 
temperature-controllable heat bath, and the temperature of the surface (𝑟 ൌ 𝑟଴) is 
𝑇଴ ሺ൏ 𝑇୥ሻ ሾKሿ. The temperature of the inner wall surface (𝑟 ൌ 𝑟୥) is 𝑇୥, the same as 
that of the gas. Here, the rate of reaction is so slow that 𝑛ଡ଼ and 𝑛ଢ଼ are assumed to 
be constant at 𝑛଴. Inside the wall of the straight tube (𝑟୥ ൑ 𝑟 ൑ 𝑟଴), there exists a 
temperature distribution 𝑇୵ሺ𝑟ሻ in the 𝑟 direction and this temperature distribution 
has reached a steady state. Only the temperature distribution along the 𝑟 direction 
is considered. The temperature of the gas 𝑇୥ is spatially uniform. 

(a) The amount of heat 𝑄 transferred from the inside to the outside through the 
tube wall per unit length of the tube and unit time is given by            

𝑄 ൌ െୢ ౭்

ୢ௥
ቚ
௥ୀ௥ౝ

2𝜋𝑟୥𝜆. 𝜆 is the thermal conductivity of the straight tube wall. 

Derive an equation for 𝑇୵ሺ𝑟ሻ that does not include either 𝑄 or 𝜆. 

(b) Consider the case of 𝑇଴ ൌ 300 K, 𝑟଴ ൌ 1.00 ൈ 10ିଶ m, 𝑟୥ ൌ 7.00 ൈ 10ିଷ m, 
and 𝜆 ൌ 1.00 ൈ 10ଶ J mିଵKିଵsିଵ. Calculate 𝑇୥ using three significant digits 
for the case of 𝑄 ൌ 3.00 ൈ 10ସ J mିଵsିଵ. 

 

Figure 1 
 

(4) When the temperature of the outer wall was raised to 𝑇଴
ᇱ with 𝑛ଡ଼ ൌ 𝑛ଢ଼ ൌ 𝑛଴, the 

forward reaction rate of reaction (1) became four times larger than that for the 
situation of (3)-(b). Calculate 𝑇଴

ᇱ using two significant digits, based on the results 
of (2) and (3). 
 

(5) Write the following materials in order from the lowest thermal conductivity at room 
temperature to the highest one. 
    - Polyethylene 
    - Diamond 
    - 18-8 stainless steel 
    - Copper  
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Problem 9 
 
(1) Figure 1(i) schematically shows a binary phase diagram of substances A and B. 

Consider the β phase precipitation in the α phase when the temperature is lowered 
from T1 to T2. Answer the following questions.  

   Figure 1 
 

(a) Regarding Figs. 1(i) and (ii), write the appropriate formulae that fit in the blanks 
A through E in the following sentences. 
Consider the Gibbs energy change ∆𝐺 due to the β phase nucleation in the α 
phase. Let ∆𝐺୚ be the Gibbs energy change per unit volume due to the phase 
transformation caused by the β  phase precipitation and 𝛤  be the α/β 
interface energy per unit area. When a β phase spherical particle with a radius 
𝑟  precipitates in the α phase, the Gibbs energy change due to the phase 
transformation is written as ( A ), and the Gibbs energy change due to the 
formation of the α/β interface is written as ( B ). These 𝑟 dependences are 
shown in Fig. 1(ii), and the expression for the change in the Gibbs energy ∆𝐺 
due to the precipitation of the β phase is written as ( C ). The critical radius 
𝑟∗ required for the growth of the nucleus of the β phase is ( D ). Also, the 
critical Gibbs energy change ∆𝐺∗ is ( E ). 
 

(b) Answer which of ( A ) and ( B ) in (a) corresponds to Curves 1 and 2 in Fig. 
1(ii).  
 

(c) When a β phase particle with a radius 𝑟 precipitates in the α phase at T2, a 

pressure difference ∆𝑃 is generated between the inside and outside of the β 

phase particle. Write an equation of the Gibbs energy change ∆𝐺̅ሺ𝑟ሻ per mole at 

equilibrium between α and β phases using ∆𝑃 ൌ ଶ௰

௥
, under the assumption 

that the molar volume of the α phase 𝑉୫ does not change by precipitation of 

the β phase particle. 
 

(d) Figure 1(iii) is a graph of the Gibbs energy 𝐺̅ per mole as a function of B 
concentration at T2, where 𝐺̅஑ and 𝐺̅ஒ are the Gibbs energy values per mole of 
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the α and β phases in equilibrium, respectively. Draw Fig. 1(iii) on your 
answer sheet and draw how 𝐺̅ஒ changes when the β phase radius is smaller 
than 𝑟∗. Here, assume that the shape of the Gibbs energy curve remains the 
same. In addition, show how the solute concentration in the α phase around the 
β phase particles changes in Fig. 1(iii) and explain the reason why the β phase 
particles disappear when the β phase particles with a small radius disappear by 
dissolution in the α phase. 

 
(2) Consider the two-dimensional deformation of a continuous solid in a 

two-dimensional plane. Figure 2 is a schematic diagram of (i) simple shear or (ii) 
pure shear of the continuous solid shown by the shaded lines presented in the X–Y 
coordinate axes.  

 
(a) An arbitrary point in the solid, represented by the position vector 𝛼⃗ ൌ ሾ𝑥ଵ, 𝑦ଵሿ, 

moved to a point represented by 𝛽 ൌ ሾ𝑥ଶ,𝑦ଶሿ  by deformation. Show the 
relation between 𝛼⃗ and 𝛽 using the deformation matrix in the cases of simple 
shear and pure shear. 

 
(b) Find the displacement vector 𝑢ሬ⃗ ൌ ሾ𝑢௑,𝑢௒ሿ for the transformation from the 

position vector 𝛼⃗ to 𝛽 for the cases of simple shear and pure shear. 
 

(c) The symmetric component of the deformation matrix is the strain 𝜀௜௝ and the 

rotational component is 𝜔௜௝, where 𝑖 is the direction of the strain and 𝑗 is the 

normal direction of the plane where the deformation occurs. 𝜀௑௒ and 𝜔௑௒ are 

defined by Equations (1) and (2), respectively, when shear deformation occurs as 

shown in Fig. 2. Find 𝜀௑௒ and 𝜔௑௒ in the cases of simple shear and pure shear 

using 𝛾 in Fig. 2.  

𝜀௑௒ ≡
ଵ

ଶ
ቀడ௨೉
డ௒

൅ డ௨ೊ
డ௑
ቁ                                (1) 

𝜔௑௒ ≡
ଵ

ଶ
ቀడ௨೉
డ௒

െ డ௨ೊ
డ௑
ቁ                                (2) 

 
(d) Explain what is the difference between simple shear deformation and pure shear 

deformation based on the results of (c). 
 
 
 
 
 

 
 
 
 

Figure 2 
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(3) Consider the deformation of metals that occurs under constant stress at high 
temperatures, which is called high-temperature creep deformation. 𝑄  is the 
activation energy of self-diffusion, 𝑅 is the gas constant, and 𝑇 is the absolute 
temperature.  

 
(a) The self-diffusion coefficient 𝐷 at temperature 𝑇 is given by Equation (3). 𝐷଴ 

is the frequency factor. Explain the effect of temperature rise on high-temperature 
creep deformation of metals with the reason. 

𝐷 ൌ 𝐷଴exp ቀെ ொ

ோ்
ቁ                            (3) 

(b) Let the creep strain rate 𝜀ሶ of a polycrystalline material with an average grain 
size 𝑑 be given by Equation (4), where 𝐴 is a constant, 𝜎 is the applied stress, 
𝜇  is the elastic modulus, and 𝑏  is the magnitude of the Burgers vector. 
Calculate how 𝜀ሶ changes for the same material when the grain size becomes ten 
times larger. 

𝜀ሶ ൌ 𝐴 ቀఙ
 ఓ
ቁ ቀ௕

ௗ
ቁ
ଶ

exp ቀെ ொ

ோ்
ቁ                       (4) 

Explain the difference in the effect of grain size on the high-temperature creep 
deformation and room-temperature deformation. Also, explain the reason. Here, 
𝜀ሶ  of the high-temperature creep deformation follows Equation (4) and the 
relation between strength and grain size for the room-temperature deformation 
follows Hall-Petch’s law. 
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Problem 10  

 

(1) Let 𝑛 and 𝑝 be the concentrations of electrons and holes which are responsible 
for electrical conduction in a semiconductor, respectively. 𝜇ୣ  and 𝜇୦  are the 
mobilities of electrons and holes in the semiconductor, respectively. 𝑞 ሺ൐ 0ሻ is 
the elementary charge. The temperature is constant and the semiconductor is in 
thermal equilibrium. 
 
(a) Explain why 𝑛 is equal to 𝑝 in a semiconductor without doping, also known 

as an intrinsic semiconductor. 

 

(b) Let 𝑝୧ be the concentration of holes in an intrinsic semiconductor. Show that 

𝑛  is given by Equation (1), when 𝑝  increases to 𝑝୧ ൅ ∆𝑝  by doping 

acceptors. 

 

𝑛 ൌ
𝑝୧ଶ

𝑝୧ ൅ ∆𝑝
                                                                   (1) 

 

(c) In the case of (b), express the relation between the electrical conductivity 𝜎 of 

the semiconductor and ∆𝑝 using 𝑝୧, 𝜇ୣ, 𝜇୦, and 𝑞. 

 

(d) Doping is performed to minimize 𝜎 of the semiconductor. Show that the 

minimum electrical conductivity 𝜎୫୧୬ is given by Equation (2), using the 

result of (c). 

 

𝜎୫୧୬ ൌ 2𝑞𝑝୧ඥ𝜇ୣ𝜇୦                                                                 (2) 

 

(e) Let 𝜎୧ be the electrical conductivity of an intrinsic semiconductor. Show that 

the ratio of 𝜎୫୧୬ in Equation (2) to 𝜎୧, 𝜎୫୧୬ 𝜎୧⁄ , is independent of 𝑝୧. 
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(2) For the production of Si ingots, directional solidification of molten Si is widely 

employed. As shown in Fig. 1, consider the case of directional solidification from 

left to right of a melt that contains a solute A at an initial concentration of 𝐶୐଴. The 

volume change accompanying solidification can be ignored. Let 𝑓 (0 ൑ 𝑓 ൑ 1) be 

the solidification ratio. The concentration of the solute A in the solid phase 𝐶ୗሺ𝑓ሻ 

and that in the liquid phase 𝐶୐ሺ𝑓ሻ change with 𝑓. In the directional solidification 

where the solute A maintains dissolution equilibrium, 𝐶ୗሺ𝑓ሻ ൌ 𝑘ୣ୯𝐶୐ሺ𝑓ሻ holds at 

the solid-liquid interface, where 𝑘ୣ୯ is the equilibrium partition coefficient, or 

equilibrium segregation coefficient, of the solute A. 

 

(a) The liquid phase is in a completely mixed state and 𝐶୐ሺ𝑓ሻ is assumed to be 

homogeneous in the whole liquid phase. The transport of the solute A in the 

solid phase by diffusion can be ignored. 

 

(i) When the solidification ratio increases to 𝑓 ൅ ∆𝑓, the concentration of 

the solute A in the liquid phase changes to 𝐶୐ሺ𝑓ሻ ൅ ∆𝐶୐. Show the 

relation between ∆𝑓 and ∆𝐶୐. 

 

(ii) Using the relation obtained in (i), show that 𝐶ୗሺ𝑓ሻ  is given by 

Equation (3). 
 

𝐶ୗሺ𝑓ሻ ൌ 𝑘ୣ୯𝐶୐଴ሺ1 െ 𝑓ሻ൫௞౛౧ିଵ൯                                       (3) 

 

 

 

 

 

 

 

 

 

Figure 1 
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(b) Figure 2 shows 𝑘ୣ୯ between molten Si and crystalline Si for various elements 

that are contained in Si as impurities as a function of the covalent radii of those 

elements. 

 

(i) A directional solidification is performed with molten Si that contains Ti 

and B (boron) as impurities at the same initial concentrations of 𝐶୐଴. 

Consider the ratio of the Ti concentration 𝐶ୗሺ୘୧ሻ to the B concentration 

𝐶ୗሺ୆ሻ, 𝐶ୗሺ୘୧ሻ 𝐶ୗሺ୆ሻ⁄ , in the growing crystal. Choose the most appropriate 

curve from I to IV in Fig. 3 that represents the change of 𝐶ୗሺ୘୧ሻ 𝐶ୗሺ୆ሻ⁄  as a 

function of the solidification ratio 𝑓. Also, explain the reason for choosing 

it. 

 

(ii) Explain qualitatively why 𝑘ୣ୯ shows the correlation with covalent radii 

as shown in Fig. 2. Note that the covalent radius of Si is 1.17 Å and that 

𝑘ୣ୯ is given by the ratio of the solid solubility in the solid phase to the 

solubility in the liquid phase. 

 

(iii) O (oxygen) is easily incorporated into crystalline Si when molten Si 

contains O as an impurity. Give a specific example of a method in the 

production of Si ingots that is effective for reducing the concentration of O 

in molten Si. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2                         Figure 3  
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