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Problem No. 1 (Calculus)

Answer the following questions. e is the base of the natural logarithm.

Omit the derivations and write only the answers for Q.1, Q.3 and Q.4.

Show the derivations in addition to the answers for Q.2 and Q.5.

Q1)

(1) Obtain the fourth derivative of f(x) = e® cosz.

(2) Obtain the fourth order Taylor series expansion of f(z) =

e® cos z around z = 0.

(3) Obtain the value of the following limit:
. e“cosx —1
lim —
z=0  tanx
(Q.2) Let f(x) = x — sinz. Prove that

f(x) =0

for any real number z > 0.

(Q.3) Let f(t) be a real function satisfying the differential equation

f df
@—FE—{—SIHt:O.

Obtain the general solution to this differential equation. In addition,

obtain the particular solution for the initial values f(0) = 2 and

df B
<H(0) = 0.

(Q.4) Define the real function f(x,y) as

o= (-£47).

Here, exp(t) = e'. Answer the following questions.

(1) Obtain the Jacobian matrix and its determinant for the coor-
dinate transformation defined by x = rcosf and y = rsin6
(r>0,0<6<2n).

(2) Obtain the value of the definite integral / / f(z,y)dzdy.

(Q.5) Define the sequences Ty and Ty as

N . .
J J
T;:Zmloge (1+N)’

Jj=1

-1 j—1
TN: N2 loge 1—|—T s

Jj=1

where N is a natural number. Answer the following questions.
(1) Prove that lim (Ty —Ty) = 0.
N—oo
(2) By considering a real function f(z) satisfying
1
Ty < / f(z)dz < Ty
0

for any natural number NV, obtain A}im Tx. Show the deriva-
—00

tion in addition to the answer.
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Problem No. 2.1 (Linear algebra)

Answer the following questions. Omit the derivations and write only the

answers except for Q.3(4).

1 a1
(Q.1) For a real number a, consider the matrix A= [a 1 1
1 1 a
(1) Obtain the determinant det(A) in terms of a.
(2) Obtain a such that rank(A) = 2.
301
(Q.2) For a real number b, consider the matrix B= | b 3 1
114

(1) Obtain the conditions on b for the matrix B to be positive

definite (i.e., all eigenvalues are positive real numbers).

Hereafter, let b = 0.

(2) Obtain all the eigenvalues and the corresponding eigenvectors
of the matrix B.

(3) Let ¢" = (—6, 6, 0). Here T denotes the transpose. Obtain
the minimum value of " Bx +q ', and the real-valued vector

x that minimizes it.

(Q.3) Let the 4 x 4 circulant matrix C' and the vector p,, be given by:

000 1 1

1000 W™ 2
“=lo 1 oo Pr=|wm|[ w7

0010 im

Here, m is an integer, e is the base of the natural logarithm, and i
denotes the imaginary unit.
(1) Obtain w'™,

(2) Let Cp,, = Apy, for a complex number A\. Obtain A in terms

of w and m.

(3) Obtain all the eigenvalues and the corresponding eigenvectors

of the matrix C, expressing them using only 1, —1,1, and —i.

(4) All the eigenvalues of the 5 x 5 circulant matrix

01001
10100
D=101010
00101
10010

are given in the form acosf. Obtain a and . Show the

derivations in addition to the answers.
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Problem No. 2.2 (Probability and Statistics)

Answer the following questions. e is the base of the natural logarithm.

(Q.1) Shuffle n cards, each labeled with a number from 1 to n, and
place them face down in a row. Players A and B take turns flipping
over one card at random, with A going first. The game ends when
a card with the number 1 is flipped, and the player who flips the
card with the number 1 is the winner. Once a card is flipped, it is

not turned face down again. Regarding questions (1) and (3), omit

the derivations and write only the answers. Regarding question (2),

show the derivation in addition to the answer.

(1) Obtain the probability that Player A wins for each case of
n=3,4,5.

(2) Express the probability that Player A wins in terms of n.

(3) The sum of the numbers on the cards obtained by the winner
is considered the score. Obtain the expectation and variance
of Player A’s score for the case of n = 4. For example, if the
cards are flipped in the order of A drawing 2, B drawing 3, and
A drawing 1, then Player A’s score is 2 + 1 = 3.

(Q.2) Let A(t) denote the number of calls received at a call center during
the measurement period ¢. In this case, A(t) obeys the following

Poisson distribution with expectation At (A > 0 is a real constant):

()\t)ne—)\t

n!

Pr[A(t) = n| = , (n=0,1,2,...).

Let 77 and T, denote the times from the start of measurement to

the first and second phone calls, respectively. Regarding questions

(1), (2), and (4), omit the derivations and write only the answers.

Regarding questions (3) and (5), show the derivations in addition

to the answers.

1) Express Pr[A(t) = 0] in terms of A and t.

2) Express Pr[T} > t] in terms of A and ¢.

4

(1)
(2)
(3) Derive the probability density function f(t) for ;.
(4) Obtain the expectation of T7.

()

5) Derive the probability density function fo(t) for 5.



Problem No. 2.3 (J1%)

DIFoOBCEZ & HAOArtE. 1 LA CIXENINIEE 2 E8B g (> 0)
L35,

(1) 3 72 km/h TE-oTWAHEIEA T L —F 27, HA X
3 FTIZIE B L MR 2 k. EHIEEZE 10 m/s?, BjEER
FEE 04 35, BHHEAT L —F 200 - BREIC EHiGO BIELA5 1k
£5&755.

(2 M1oksiZ, HEm, ¥Fr OFE—HZHIKERZ, EHA
0(0° < 6 < 90°), B IEEEREREL o OFHEI D _EICHITE <. BROYHE
STIWHED 272D u DL, 2D EDONEE 2 /RE. ERDIE
HE—XY MImr?/2 25 5.

X 1

(13) B2 D & 512, HBRORED 2 SAERERKD b > 205D,
b > L DA B A B IR B & M 7= B ik m DA

HEZE Z 5. HIRZPIE R, BE p OIRE § 5. HAIIHIRDOES
DAHDEELRZIT5bDE L, BESHIRIZZER LRV, 22Ty
EHUERHPUOD & BERE R ORI B 2ENIEEICHYS T 5. £/,
TSI NERE G LT 5.

X 2

(1) HEROHUD O 1 BB S E TOREMF r 55 v %, BrIcER
T AMBRFNCIAL S T F 2 G, m, p, r ZHWTRE.

(2) brxZinoTalliz & b, HERKOFLO S M X VET
DO RE L R MR ZHEA O 55, BRIMEHT %2
HEDN% F, z,r TFHWTRE. £/, BEROEHHEXZ g,
m, R, v EZHAWTHRYE.

(3) HRD b ¥ AND—li» & thin £ TRENIT 2 DITh 7 5 K %
g, REHWTEE.



(ff14) K3 D& 512, BEOHWIKEIZIRD FIZ, HEm DK A, B B,
HE2nDRCHDH5. AZ—EREV (>0) TEEHLTWT, #ik
LTW2 BIEZETS. CIdFELTOT, IXREHL(>0) DERE
DIHEVERIZOBB > TWVWE, IFhDMEHXEE XN TWS. BRD
REIIWHAL, FEHZUCE LT, #HE o x L F -3 REEINE DY
T3, 72, ADERINER LT\ HREIEE L, BRIZHEEDELR
LEREEFHTIHDE T 5.

(1) A2SB L mANCHEZR L ERD A & BOEEZRE.

(2) B CHRPNCEH R L BROEHZEZS. A, B, CHDOE 5
72 BEZUIE R 0. HRLZEZRDB  COEEL R, £
7z, B & C DRI DEZED & DFREERR ¢ 128175 C DALE%R
. COYIIMEZRRE T 5.

X 3




Problem No. 2.3 (Mechanics) (Q.3) As shown in Figure 2, a straight tunnel connects two points on
the surface of Earth. Consider a point mass of mass m that starts

moving from a state of rest, from one end of the tunnel to the other.

Answer the followi estions. Write only the answers. Let the gravi- ) . . .
HSWEr WINg qUestion HILe Oty HEWER gravi Suppose Earth is a sphere of radius R and density p. The point

tational acceleration be constant g (> 0) except fo estion 1. . . ..
on ration nstant g (> 0) except for Question mass is only affected by Earth’s gravity. Ignore friction and Earth’s

(Q.1) A car moving at 72 km/h brakes suddenly. Answer how long rotation. Here, ¢ is the gravitational acceleration at the Earth’s
it takes for the car to stop, and how far the car slides. Let the surface at a distance of R from the Earth’s center. Let the constant
gravitational acceleration be 10 m/s?, and the coefficient of kinetic of gravitation be G.

friction be 0.4. The rotation of the wheels stops immediately when

the car brakes.

(Q.2) As shown in Figure 1, a uniform-density rigid sphere of mass
m and radius r is placed gently on a slope whose slope angle is
0(0° < 6 < 90°) and static friction coefficient is u. Answer the
condition of u for the sphere to roll without slipping, and answer

the acceleration of the sphere in such a case. The moment of inertia

of the sphere is mr?/2.

Figure 2

(1) The distance between the Earth’s center O and point mass is
r. Answer the force F' toward the Earth’s center acting on the

point mass using G, m, p and 7.

(2) z axis is taken along the tunnel with the origin Point O’ where
Figure 1

the distance between the Earth’s center O and the tunnel is



minimum. Answer the force acting on the point mass in the x
direction using F', x and r. In addition, write the equation of

motion for the point mass using g, m, R and z.

(3) Answer how long it takes for the point mass to move from one

end of the tunnel to the other, using g and R.

(Q.4) As shown in Figure 3, Spheres A and B of mass m and Sphere
C of mass 2m are on a frictionless horizontal floor. A moves with a
constant velocity V' (> 0) and collides with B at rest. C is at rest
and connected with a massless spring of spring constant k(> 0).
The other end of the massless spring is fixed. Ignore the size of the
spheres. At collisions, kinetic energy is assumed to be conserved.
Positive direction is taken in the direction of the initial motion of

A. The spheres move along a common line.

(1) Answer the velocities of A and B right after their first collision.

(2) The movements of B and C after their first collision are consid-
ered. Further collisions among A, B and C are not considered.
Answer the velocities of B and C right after their collision. In
addition, answer the position of C at elapsed time ¢ after their

first collision. The origin is taken as the initial position of C.

Figure 3
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Problem No. 2.4 (Electromagnetism)

Answer the following questions. Use the vacuum permittivity gg, the

vacuum permeability po as necessary, and write only the answers.

(Q.1) Answer the following questions on electrical circuits.

(1)

(2)

Figure 1 shows a circuit, where the resistance of each resistor

is r. Write the equivalent resistance value between A and B.

Figure 2 shows a circuit, where the resistance of each resistor

is . Write the equivalent resistance value between E and F.

Figure 3 shows a circuit, which consists of a DC (direct cur-
rent) voltage source with voltage E, a switch, a resistor with
resistance r, and a coil with an inductance L. Initially, the
switch is connected to B as shown by the dotted line. At time
t = 0, the switch is connected to A as shown by the dashed
line. Write the equation of current I at ¢t (> 0). In addition,

write the solution.

After a sufficiently long time has passed since the switch is
connected to A in (3), at time ¢ = ¢;, the switch is connected
to B. Write the current [ at ¢ (> t;).

D
Ly r
T r
B C E F
Figure 1 Figure 2
A
_QN
RN LI

Figure 3

(Q.2) An infinitely long straight solenoid with radius of a and turn

number per unit length of n is located in vacuum.

(1) When the current through the solenoid is I, write the magnetic
field strength B inside the solenoid, and write the magnetic en-
ergy per unit length along the solenoid. Note that the magnetic

energy per unit volume is B?/(2pu0).

(2) Write the inductance of the solenoid per unit length.



(Q.3) Consider a uniform magnetic field (B, 0,0) and a uniform electric
field (0, E,0) in Cartesian coordinates (z,y,z). A charged parti-
cle with mass m and charge ¢ is traveling with a constant velocity
(0,0,v). Write the condition v should satisfy.

(Q.4) Consider co-centered sphere A with outer radius a and spherical
shell B with inner radius b (> a) in vacuum (Figure 4). Charge
@ is uniformly distributed on the surface of A, while charge —@Q) is

uniformly distributed on the inner surface of B.

(1) Write the electric field strength E at distance r from the
sphere’s center (a < r < b).

(2) Write the electric energy stored in the space between A and B.

Note that electric energy per unit volume is ggE?/2.

(3) Write the electric potential difference between A and B.

(Q.5) Figure 5 shows a straight cylindrical conductor with radius a and
length d(d > a). The resistivity of the conductor is . When a
constant voltage V' is applied between both ends of the conductor,
a current [ flows through the conductor. Assume that [ is constant

and the current density is uniform.

(1) Write the resistance R between both ends of the cylindrical

conductor.

(2) Express I using V and R.

(3) Express the thermal energy generated in the cylindrical con-

ductor per unit time using / and V.

(4) Electric field E and magnetic field B appear on the cylindrical
surface as shown in Figure 5. Write the absolute values of the

electric and magnetic fields.

(5) Write the absolute value of Poynting vector |(E x B)/puo| on

the cylindrical surface using a, d, I and V.

(6) Integrate the quantity obtained in (5) on the cylindrical sur-

face.

Figure 4 Figure 5
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